Since the discovery of the accelerated expansion of the Universe, the constraints on the equation of state wDE of dark energy, the stress-energy component responsible for the acceleration, have tightened significantly. These constraints generally assume an equation of state that is slowly varying in time. We argue that there is good theoretical motivation to consider "monodromic" scenarios with periodic modulations of the dark energy potential. We provide a simple parametrization of such models, and show that these leave room for significant, periodic departures of wDE from −1. Moreover, simple models with non-standard kinetic term result in interesting large-scale structure phenomenology beyond that of standard slow-roll dark energy. All these scenarios are best constrained in a dedicated search, as current analyses average over relatively wide redshift ranges.
I. INTRODUCTION
Since the conclusive detection in 1998 [1, 2] , overwhelming evidence has accumulated that points towards an accelerated expansion of the Universe which, in the context of General Relativity (GR) implies the existence of a form of stress energy with negative pressure, dark energy [3] . In particular, the dark energy equation of state w DE = p/ρ is now constrained to be close to −1 [e.g., [4] [5] [6] [7] (see [8] for a recent review). A cosmological constant is the simplest possibility, which is so far broadly consistent with all observational constraints coming from geometric and large-scale growth probes. However, the value of the cosmological constant is, from a high-energy physics perspective, highly fine-tuned (see [9] for a review). An alternative is to make the cosmological constant dynamical, by promoting it to the potential energy V (φ) of a scalar field φ, often dubbed quintessence (see [10] for a comprehensive, and [11] for a brief overview). If the potential is sufficiently flat, for example V (φ) ∝ (φ/φ 0 ) −α with α 1, the field rolls slowly and is thus potential energy dominated, yielding a stress-energy contribution with equation of state close to −1 [12] [13] [14] . Moreover, during the matter-dominated epoch of the Universe, the field follows a tracking solution and thus reduces the need for fine-tuning of the model parameters.
An approximately flat potential can be realized in a technically natural way by introducing a shift symmetry φ → φ + c, which is then weakly broken. In the wellknown explicit constructions of inflation in the context of string theory [15, 16] , known as axion monodromy, nonperturbative effects lead to periodic modulations of the potential. These are responsible for an array of interesting signatures [17] [18] [19] . Motivated by this fact, we study in this paper the phenomenological consequences of a dark energy potential of the form
where A is the amplitude of the periodic modulation (with |A| 1), while ν is the frequency in field space.
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Apart from the shape of the smooth part of the potential (power-law vs. exponential), this is precisely the potential studied in [20] . It is different from the PseudoNambu-Goldstone scenario of [21] (see also [22, 23] ), where V (φ) = V [1 + cos(φ/f )] is a non-monotonic potential, as Eq. (1) allows for the field to pass through multiple oscillations driven by the potential (several oscillations can however happen in the latter scenario if multiple decay constants f i are involved [23] ). Further, this is a different physical setup than oscillations of a U (1) quintessence field in a power-law potential [24] [25] [26] [27] , which have been shown to be unstable and hence not suitable for explaining a sustained period of acceleration [28] .
On the other hand, the scenario considered here has a wide range of parameter space which is stable (we discuss theoretical constraints in Sec. IV). Moreover, the observable oscillatory features can have periods that are naturally much smaller than a Hubble time. Previous studies of oscillatory potentials [29] [30] [31] [32] , and constraints using observational data [32] [33] [34] [35] , typically focused on periods of order a Hubble time. The window of rapidly oscillating dark energy model space thus remains largely unexplored. Since the assumption of a smooth evolution of the dark energy density is built into almost all observational constraints published so far, this leaves open the possibility of significant periodic deviations from an equation of state w DE ∼ −1.
Moreover, a canonical scalar field is not the only possible option. Models with non-standard kinetic term, referred to as k-essence, can exhibit similar tracking behavior [36, 37] . Indeed, non-standard kinetic terms also appear in the context of string theory in form of the Dirac-Born-Infeld action [38, 39] . In these models, the sound speed is naturally small, so that perturbations in the dark energy density are not negligible. We will see that this leads to even more interesting signatures in large-scale structure (LSS): unlike the case of k-essence with a smoothly varying equation of state, which is observationally difficult to distinguish from quintessence, a periodic modulation of the form Eq. (1) produces signatures in the growth of structure which are accessible to galaxy redshift as well as weak lensing surveys. Again, this is a phenomenological window which currently is almost entirely unexplored.
Throughout, we will assume a spatially flat background, and assume Ω m0 = 0.27 = 1 − Ω DE,0 as fiducial values. We will also choose α = 0.2 as default, leading to a time-averaged equation of state ofw DE ≈ −0.9. The outline is as follows: Sec. II-III present the dark energy models. Sec. IV discusses theoretical constraints on the viable model space. We then derive the observable signatures of these models in Sec. V, and conclude in Sec. VI.
II. MONODROMIC QUINTESSENCE
Consider the following action for a canonical scalar field φ minimally coupled to gravity:
where V (φ) is given by Eq. (1), L m is the matter action, and we assume no coupling between φ and other species apart from gravity. Again, this is essentially identical to the model proposed in [20] . The quintessence contribution to the stress-energy tensor is of the perfect-fluid form, (
We consider a matter sector that consists of cold pressureless matter with equation of state w m = 0. Restricting to a spatially homogeneous setting, in which the metric becomes of the Friedmann-Robertson-Walker (FRW) form, Eq. (2) leads to the equation of motion
where here and throughout, dots indicate derivatives with respect to time t. We will present numerical integration results of Eq. (3) below. First, we begin with the case without oscillations. Upon setting A = 0 in Eq. (1), we recover the wellknown power-law potential first considered by [14] . A power-law ansatzφ(t) =φ 0 t p , withφ 0 = φ 0 /t p 0 , in matter domination where H(t) = 2/(3t) yields p = 2 2 + α and
The equation of state and energy density of this tracking solution are We see that w Q is constant during matter domination, and that w Q approaches −1 as α → 0. In the following, we will choose α = 0.2 as fiducial value, leading to w Q = −0.89 on the tracking solution. In the presence of oscillations, Eq. (3) is no longer solvable in closed form. However, if we perturb around the tracking solutionφ by writing
and work to linear order in the amplitude of oscillations A, we obtain in the limit α → 0 during matter domination:
Thus, if the tracking solution is initialized with a small positiveφ, ϕ oscillates aroundφ with a frequency ω. If ν 1/M Pl , the field can oscillate many times within a Hubble time.
We next turn to the full numerical solution of the system. First, the evolution of the quintessence energy density can be obtained from the continuity equation,
while the Hubble rate is determined from the Friedmann equation:
where ρ m (t) ∝ a −3 (t) and we have assumed a flat background. Fig. 1 shows the evolution of the quintessence equation of state and energy density both with and without oscillations. For this, we have integrated Eq. (3) together with Eq. (9), using initial conditions at a scale factor a ≈ 10 −4 given by the tracking solution Eq. (4). We adjust the initial value of (φ/φ 0 ) [where C is determined from Eq. (4)] in order to obtain the desired value of
We show results for two different choices of the oscillation frequency ν in field space, both with amplitude A = 0.05. Note that the oscillations in the energy density are substantially smaller than those in w Q , as ρ Q is given by a time integral over w Q [Eq. (8) ]. We also show an example with a slightly larger amplitude A = 0.1. In this case, the quintessence field becomes trapped in a local minimum of the potential, leading to w Q = −1 (see, e.g. [40] ). Indeed, we see that if
the potential Eq. (1) is no longer monotonic. Since quintessence cannot cross the phantom divide to w Q < −1, the evolution of the field stops once it has reached this value. Since, on the other hand, the average dark energy equation of state is observationally constrained tow DE −0.9, this leaves a limited parameter space of viable monodromic quintessence models, with |A| 0.05. Note that, while the mass of the field φ is in general larger than H in the monodromic quintessence scenario, the perturbations to the energy density of quintessence remain negligible. This is because the sound speed, defined in Eq. (14) below, is identical to unity in this model, so that pressure perturbations prevent subhorizon quintessence perturbations from growing. This is qualitatively different in the alternative scenario which we turn to next, which also has a significantly enlarged observationally allowed parameter space.
III. MONODROMIC K-ESSENCE
We now generalize the action Eq. (2) to a non-standard kinetic term, commonly referred to as k-essence, and consider the following action:
where the kinetic term is defined through
such that X > 0. We have introduced the scale Λ −4
to make X dimensionless. At the background level, X = Λ −4φ2 /2. While this scale is arbitrary, since it can be absorbed by a field redefinition, we choose the most natural value of Λ = √ H 0 M Pl . The stress-energy tensor for this field is still of the perfect-fluid form, with pressure and energy density given by
This immediately yields the equation of state w K . Interestingly, the non-standard kinetic term yields a sound speed of the field, defined as the derivative of p K with respect to ρ K at fixed field value, which in general is different from unity:
To avoid tachyonic behavior, we require p ,XX > 0. The equation of motion of φ at the background level can be compactly phrased in terms of
where V (φ) is given by Eq. (1). Note that V (φ) is not a potential here, but determines the amplitude of the kinetic term. The negative pressure is obtained through the non-canonical kinetic term. Any function of the form
can be brought into this form through a field redefinition [36] .
Inserting Eq. (16) into Eqs. (13)- (14), we obtain
A cosmological constant behavior is attained in the limit X → 1/2. In close analogy to the power-law quintessence case, the k-essence model in the absence of oscillations (A = 0) admits a scaling solution in matter domination, where X =X is constant and φ = √ 2XΛ 2 t+const. This scaling solution hasX
As in the quintessence case, setting α = 0 yields a cosmological constant withX = 1/2 and w K = −1; our fiducial choice in the following, α = 0.2, yields w K = −0.9. Before turning to the results from the numerical integration of the full equation of motion Eq. (15), let us again derive a simpler equation at linear order in the amplitude A, by expanding around the scaling background. Writing
and taking the limit α → 0, we obtain
This equation can be straightforwardly solved to yield, in the limit of large νt, Correspondingly, all of ρ K , X, w K and c 2 s oscillate around the values given by the scaling solution, with approximately
oscillations per Hubble time. While the amplitude of oscillations in ρ K , and hence the Hubble rate H, are controlled by the field amplitude and are hence of order A/ν, the oscillations in w K and c 2 s are proportional toφ, which oscillates with amplitude A. This will become relevant in the observable effects considered in Sec. V. As shown in [41] , no pathologies arise in k-essence when crossing the phantom divide w K = −1, as long as the sound speed vanishes at the crossing, and as long as gradient instabilities are countered by higher-derivative terms neglected in the action Eq. (11). The former is precisely what happens in monodromic k-essence, as is clear from Eq. (17) (see also Fig. 2 ). We will discuss in Sec. IV whether brief episodes of tachyonic behavior can be allowed. Note that, by appropriate choice of α and A, one can ensure that c 2 s > 0 always. This however restricts the allowed range of oscillation amplitudes significantly. Fig. 2 shows the evolution of the k-essence energy density and equation of state as well as sound speed squared obtained from a numerical integration of Eq. (15) [which is quite close to the result of the analytical approximation Eq. (21)]. The initial conditions are again taken from the tracking solution at a ≈ 10 −4 , and the constant C in V (φ) is adjusted to obtain the desired value of Ω DE,0 = 0.73. Qualitatively, the behavior is similar to the monodromic quintessence case. However, there are several important differences. First, the oscillations are not damped [compare Eq. (21) with Eq. (7)]. Second, the k-essence field can cross the phantom divide, allowing for significantly larger oscillations even for an average equation of state that is close to −1. Recall that V (φ) is not a potential in this model, and so the field does not get stuck even if V is non-monotonic. Third, the k-essence model exhibits an oscillatory sound speed with |c 
IV. THEORETICAL CONSTRAINTS
We now briefly review theoretical constraints on the parameter space of the monodromic dark energy models considered here. We focus on constraints which are independent of the microscopic physics that leads to the potential Eq. (1), and discuss the latter at the end of this section. In the quintessence case, we have already found the requirement |Aφ 0 ν| < 1 in order to ensure a rolling field; otherwise, the field gets trapped in a local minimum, leading to an effective cosmological constant, which is uninteresting phenomenologically. No such constraint exists for the k-essence case.
However, unlike the monodromic quintessence case where c s = 1, in the k-essence case we have to confront the issue of gradient instabilities [42] . Within the comoving sound horizon of the k-essence field, defined as
an additional effective pressure force becomes relevant in the dynamics of the k-essence fluid. In particular, it sources a relative velocity divergence θ mK ≡ ∂ x,i (v i K − v i m ) between k-essence and matter, where ∂ x denotes a derivative with respect to comoving coordinates, whose evolution equation is given bẏ
where δ K is the fractional energy density perturbation in the k-essence component and we have assumed |c 2 s | 1. If c 2 s < 0, this leads to an exponential growth instability in the dark energy component, known as gradient instability, as δ K is itself sourced by −θ mK . We can formally integrate Eq. (24) to yield a stability constraint given by
where
is the k-essence growth factor which is in general scale dependent and a complicated function of time. Let us first consider large-scale perturbations whose time scale 1/ω = 1/k is longer than one oscillation period of the field. From Eq. (22), this implies
For these perturbations, the episodes of tachyonic behavior are too short to allow instabilities to grow. We have verified this by evaluating Eq. (25) for the k-essence model introduced in the previous section, using the result for the k-essence perturbation obtained from Eq. (30) below, and find that the stability constraint is satisfied for a wide range of parameter space, including the regime where A is of order 1. Fundamentally, this is because c s oscillates around a positive value in these models, and the combination c 2 s /(1 + w K ) is in fact always positive. This argument no longer applies to small-scale perturbations with k/aH νM Pl /2π. These perturbations can in principle grow to become nonlinear within a single epoch of c 2 s < 0. As argued in [41] , this instability can be countered by adding higher-derivative terms to the action Eq. (11), for exampleΛ −2 ( φ) 2 . These higher-derivative terms also control the cutoff of the effective description; that is, the model no longer provides controlled predictions in the effective field theory sense on spatial scales that are smaller thanΛ −1 . Since the episodes of tachyonic behavior are only brief, of order (νM Pl ) −1 Hubble times, the requirement on the scaleΛ associated with the higher-derivative term relaxes by a factor of (νM Pl ) −1 . Nevertheless, the k-essence model considered here either requires a very low cutoff (compared to local measurements of gravity), or significant fine-tuning between the natural scale Λ = M The nontrivial sound speed in the k-essence model is induced by the non-canonical kinetic term, ∝ X + X 2 . This raises the question of whether higher-order terms in this expansion should be included, especially as X ≈ 1/2 is not small. However, it turns out that any k-essence model which admits a tracking solution with X = const can be approximated by the form Eq. (16) as long as X does not deviate strongly from its value on the tracking position. To see this, one can simply insert a general Lagrangian of the form p(φ, X) = V (φ)K(X) into Eq. (15) and impose the tracking ansatz. Expanding K(X) around the tracking point X tr , one finds that higher-order corrections to Eq. (16) scale as powers of (X − X tr ). Now, even in the model with the strongest oscillations considered here, A = 0.5, we find that |X − X tr | < 0.1 always. Thus, as long as the smooth component of |1 + w| is in the range allowed by observations, Eq. (16) is expected to represent the entire class of tracking k-essence models with an oscillatory potential. Of course, these statements are specific to the class of k-essence models which feature a tracking solution.
Finally, we turn to somewhat more model-dependent constraints. First, we have neglected all higher-derivative operators in the dark energy Lagrangians. As discussed above, these higher-derivative operators are enhanced by ω/H in the monodromic case, compared to slowly-rolling scenarios, where ω is the oscillation frequency of the field in the cosmological solution, given by Eq. (7) in case of quintessence and ω/H ≈ νM Pl in the k-essence case. For the models considered here, this enhancement is as large as an order of magnitude. Whether such an enhancement makes higher-derivative operators relevant, depends on the microscopic physics responsible for the monodromic potential. In the context of inflation from axion monodromy realized in string theory, which of course happens at an energy scale much higher than dark energy, Ref. [18] found that higher-derivative terms remain suppressed as long as νM Pl is smaller than several thousand, and the oscillation amplitude is of order unity or less.
V. OBSERVABLES
We now consider the observable signatures of the monodromic quintessence and k-essence models. The simplest observables are distances, which are probed by standard candles such as type Ia supernovae, and standard rulers such as the baryon acoustic oscillation (BAO) feature in galaxy clustering. Given the assumed flat geometry, cosmological distances satify the simple relations
where χ is the comoving distance, d A is the angular diameter distance while d L is the luminosity distance. The distances correspond to one integral over H ∝ ρ DE ; thus, the signature of oscillations is even weaker in the distances than in the density, as can be seen in Fig. 3 (see also [31] ). Here and throughout, we show the ratio of predicted observables in a monodromic model with A > 0 to the corresponding model with A = 0. This is because we are interested in the oscillatory features as a signal, while smoothly varying changes in the observables could be explained by any standard dark energy model, for which the standard parametrizations through, for example, w 0 , w a [Eq. (32) ], are sufficient. Crucially, by sufficiently fine binning in redshift, standard candles can also probe the derivative dχ/dz = 1/H(z). Similarly, the BAO feature along the line-ofsight direction, as well as Alcock-Paczyński (AP) distortions, probe 1/H(z). As shown in Fig. 3 , the oscillations in H(z) are significantly stronger than those in the distance. Moreover, the monodromic k-essence model shows much stronger oscillatory features than the quintessence case, a consequence of the limit on the amplitude of modulations in the quintessence case discussed at the end of Sec. II. The signatures of monodromic k-essence are already accessible to current probes, as we will discuss in Sec. VI. Note however that when the radial BAO or AP scale are averaged over a wide redshift range, the oscillation signal is strongly diluted again. Thus, a dedicated analysis is necessary to obtain optimal constraints on monodromic dark energy models.
The same holds for the monodromy signatures in the growth of structure which we consider now, beginning with the quintessence case. Since the sound horizon of the field is equal to the comoving horizon, fractional perturbations in the dark energy density are less than 10
and can be neglected, as is usually done in studies of the growth of structure in dark energy cosmologies. The growth of matter perturbations at linear order is governed by the linearized Euler-Poisson system:
These can be combined into a single equation for the linear growth factor
This relation holds in all models of dark energy where perturbations in the dark energy density can be neglected. We see that the growth factor corresponds to two integrals over the energy density and Hubble rate, and thus expect small imprints of oscillations in the growth factor. However, the large-scale clustering of galaxies also receives contributions from the velocity, induced by redshift-space distortions (RSD) [43] . From Eq. (28) we have θ = −aδ m = −aHf δ m , where f = d ln D/d ln a is the linear growth rate. As seen in Fig. 4 , the signatures in the growth rate are comparable to those in the Hubble rate.
The monodromic k-essence model has an even more interesting phenomenology for LSS. Due to the nontrivial sound speed in this model, the comoving sound horizon R s [Eq. (23)] is much smaller than (aH) −1 . Within the sound horizon, perturbations in the dark energy are suppressed, although the oscillations in the sound speed might lead to interesting behavior even in this regime (see Sec. IV). In the following, we consider perturbations which are much larger than R s , where the field perturbations are unsuppressed. Equivalently, our predictions assume the limit c 2 s → 0, which Ref. [41] argue should be used for any healthy model which cross the phantom divide w K = −1. Then, the dark energy comoves with matter, and the linearized Euler-Poisson system becomes [44, 45] 
where θ is the velocity divergence, while δ K is the fractional perturbation in the dark energy density, as in Sec. IV. The resulting growth factor and growth rate are shown in Fig. 4. 2 As in the case of the background observables, the signal of oscillations is much stronger in the k-essence case due to the larger amplitudes of the potential modulation that is possible. They can easily reach 5-10% and are thus already accessible to existing data sets, as we will discuss in Sec. VI; however, again a dedicated analysis should be performed to search for these particular rapidly varying signatures. Moreover, the dotted lines in Fig. 4 show the result obtained when neglecting the dark energy density perturbations in the growth factor 
Growth factor of the total stress-energy perturbation δtot defined in Eq. (31), which determines gravitational lensing. For quintessence, this is the same as the matter growth displayed in Fig. 4 . Shown is the ratio of oscillating models (A > 0) to the corresponding model without oscillations (A = 0). The dotted lines show the predictions in the kessence case when neglecting dark energy perturbations.
and growth rate, equivalent to integrating Eq. (28) instead of Eq. (30) . Clearly, the effects are not negligible. The monodromic k-essence case thus offers an avenue to detect dark energy perturbations, which are challenging to detect for smooth equations of state (e.g., [46] ).
So far, we have considered the growth of the matter sector which (on the large cales considered here) includes cold dark matter and baryons. However, largescale strucutre also offers the opportunity to measure the total density perturbation
which sources the gravitational potential Φ. Here, we again consider scales larger than R s , so that pressure perturbations in the dark energy can be neglected. In both models considered, as in almost all dark energy models, there is no anisotropic stress. This means that the two spacetime potentials are equal, and δ tot can be probed directly through gravitational lensing (see, e.g. [11] ). The prediction for the growth factor of δ tot is shown in Fig. 5 . In the quintessence case, it is identical to the matter growth. However, for k-essence, we see significantly stronger features than in the matter growth factor, which go up to a 10% change in the growth factor in one of the models considered. This strong signature exists because the dark energy density perturbation now contributes directly to the observable, rather than only through its gravitational backreaction on the matter growth; moreover, the oscillations in the growth of the dark energy perturbations are much stronger due to the effect of the oscillating equation of state w K [second line in Eq. (30)]. Note that, while they show order unity oscillations, the fractional dark energy perturbations remain small at all times (less than 10% of the fractional matter density perturbations). This holds in the monodromic k-essence scenario as long as A(1 +w K )
1. Such a correlated, but different modulation in the growth of matter and gravitational lensing is a telltale signature of dark energy perturbations.
VI. CONCLUSIONS
The main aim of this paper is to point out that there exists a significant theoretically motivated parameter space of dark energy models, characterized by periodically modulated potentials such as Eq. (1), which live outside the standard parametrizations of the equation of state such as [47, 48] 
That is, these models show significant, observationally detectable features that are not captured by (w 0 , w a ), and require a dedicated search. This is true in particular of models with a non-standard kinetic term, which are not restricted to small oscillations as in the case of quintessence. This search involves scanning the parameter space for periodic modulations with frequency ν and amplitude A [and in general, a phase φ which we have set to zero in Eq. (1)] around a slow-rolling background. The most promising observables to search for monodromic dark energy are (i) the expansion rate H; (ii) the growth rate of structure f ; and (iii) the amplitude of gravitational lensing, as a function of redshift. Hubble rate H: oscillations in the Hubble rate can be probed by taking the derivative of the distance-redshift relation observed with standard candles such as typeIa Supernovae, for example JLA [4] and Supercal [49] . Note that the uncertainties involved in the distance ladder are not crucial here, since one is looking for timedependent features in the Hubble rate. Alternatively, the BAO feature and AP distortions in the two-point function of galaxies and other tracers allow for a measurement of the Hubble rate on a comoving scale of ∼ 110 h −1 Mpc in case of the BAO feature, and a wider range of scales for AP distortions. This corresponds to averaging the quantity shown in Fig. 3 over a redshift window of ∆z ∼ 0.03 − 0.05, depending on redshift. Current constraints from BOSS are at the level of approximately 2% [6] , which could clearly constrain some of the models presented here in a dedicated analysis.
Growth rate f : the growth rate is observable through redshift-space distortions. Current constraints on f σ 8 are at the level of ∼ 10% [50] [51] [52] [53] [54] . In addition, distance indicators such as Supernovae and disk galaxies through the Tully-Fisher relation yield comparable constraints at z 0.05 [55] [56] [57] , which could be combined with the results from galaxy clustering at higher redshifts. While the constraints on the growth rate are not as precise as those on the Hubble rate, they can be extended to smaller spatial scales and thus are able to constrain higher frequencies of oscillations. For example, a growth rate measurement on comoving scales of ∼ 20 h −1 Mpc corresponds to a redshift interval of ∆z 0.01.
Amplitude of gravitational lensing δ tot : as we have seen in Fig. 5 , the monodromic k-essence scenario leads to strong oscillatory features in the total energy density perturbation which sources gravitational lensing. Gravitational lensing observables are projected quantities, and the line-of-sight integration strongly suppresses such features in correlations involving lensing alone, such as cosmic shear. However, galaxy-galaxy lensing, the crosscorrelation between lensing and source counts in a narrow redshift range, is projected over a much narrower redshift range, and could show observable oscillatory signatures. Galaxy-galaxy lensing has now been measured at high significance in SDSS [58] , CFHTLenS [59] , CFHT imaging of stripe 82 [60] , in KiDS [61] , and DES [62] . The DES year-1 constraints on the amplitude of galaxy-galaxy lensing are better than 10%.
3 Hence, this is a further promising probe of the new dark energy phenomenology introduced here. Moreover, combining galaxy-galaxy lensing with probes of H(z) and f (z) will allow for constraints on the speed of sound of dark energy.
Intriguingly, the reconstructed equation of state from a combination of the most recent cosmological data sets derived by [63] shows oscillatory features with an amplitude of ∆w DE ≈ 0.6; similar evidence was previously found from the combination of BOSS BAO measurements in [64] . In the context of the monodromic models introduced here, this could only be explained by the k-essence scenario. In this context, it would be worthwhile to derive the Bayesian evidence for this scenario, which introduces three parameters in addition to the dark energy density. On the other hand, a monodromic k-essence scenario with such a large oscillation amplitude might be in tension with existing galaxy-galaxy lensing data.
Beyond the set of predictions based on linear perturbation theory derived in this paper, interesting phenomenology of monodromic dark energy is expected in the nonlinear regime, in particular for k-essence around the scale of the sound horizon. For example, unusual dynamical effects could appear when the time scale of the oscillations in the dark energy density becomes comparable to the dynamical time of massive halos.
Given this potential source of rich phenomenology in the large-scale structure of the Universe, there is strong motivation to look more deeply into the theoretical constraints outlined in Sec. IV; in particular, the issue of gradient instabilities and whether there are stable monodromic k-essence-type scenarios which do not suffer from a low cutoff or fine-tuning. A promising approach is through the effective field theory of dark energy [41, 65, 66] . However, the oscillation period 1/ν in field space adds a new scale, and time translation is no longer weakly broken in monodromic models; rather, it is replaced by a weakly-broken discrete symmetry φ → φ + 2π/ν, analogously to the case of axion monodromy inflation (see the discussion in [67] ). Further, it would be interesting to find microsopic scenarios which lead to a potential of the form Eq. (1), as well as to study natural values for and limits on the period and amplitude of oscillations. We leave these interesting questions as open topics for future work.
